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HOMOLOGY THEORIES FOR COMPLEXES OF FINITE
GORENSTEIN DIMENSIONS
LI LIANG
Abstract. In this paper, we first study Gorenstein flat/projective dimension
of complexes of modules. The relationship between Gorenstein flat/projective
dimension of complexes and Gorenstein flat/projective dimension of modules
are investigated. Then we study unbounded homology and Tate homology
of complexes of modules. Some balance results for these homology theories
are given. In the case of module arguments, we investigate the relationship
between unbounded homology groups and relative homology groups.
1. Introduction
Tate (co)homology was initially defined for representations of finite groups. It was
extended by Avramov and Martsinkovsky [3] and Veliche [22] to modules/complexes
of finite Gorenstein projective dimension. Christensen and Jorgensen [8] further
studied Tate homology for complexes of finite Gorenstein projective dimension,
where they proved a balance result: IfM is an R◦-complex andN is an R-complex,
both of which are bounded above and of finite Gorenstein projective dimension with
T → P →N a complete projective resolution of N , then for each i ∈ Z there is an
isomorphism T̂orRi (M ,N )
∼= Hi(M ⊗R T ). In this paper, we give another balance
result for Tate homology of complexes via flat objects. More precisely, we prove
the following result; see Theorem 5.4.
Theorem A. Let M be a bounded above R◦-complex of finite Gorenstein pro-
jective dimension and let N be a bounded above R-complex of finite Gorenstein
flat dimension with (T ,F ) a Tate flat resolution. Then for each i ∈ Z there is an
isomorphism
T̂orRi (M ,N )
∼= Hi(M ⊗R T ).
Here the definitions of Gorenstein projective dimension and Gorenstein flat di-
mension for complexes of modules were proposed by Veliche [22] and Christensen,
Ko¨ksal and Liang [9], respectively. In this paper, we investigate the relationship
between Gorenstein projective dimension (resp., Gorenstein flat dimension) of com-
plexes of modules and Gorenstein projective dimension (resp., Gorenstein flat di-
mension) of modules. We prove the following result; see Theorems 3.9 and 3.12.
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Theorem B. Let M be a bounded R◦-complex.
(a) There is an inequality
GpdR◦ M ≤ max{GpdR◦ Mi | i ∈ Z} + supM .
In particular, if GpdR◦ Mi <∞ for each i ∈ Z then GpdR◦ M <∞.
(b) If R is a left coherent ring, then there is an inequality
GfdR◦ M ≤ max{GfdR◦ Mi | i ∈ Z} + supM .
In particular, if GfdR◦ Mi <∞ for each i ∈ Z then GfdR◦ M <∞.
We notice that the above inequalities can be strict: Let P be a projective R◦-
module, and let M be the acyclic complex with M0 = M−1 = P and all other
entries 0. Then one has GpdR◦ M = −∞ = GfdR◦ M . However, the numbers
max{GpdR◦ Mi | i ∈ Z}+ supM and max{GfdR◦ Mi | i ∈ Z}+ supM are zero.
∗ ∗ ∗
As a broad generalization of Tate homology to the realm of associative rings, stable
homology was introduced by Vogel and Goichot [12], and further studied by Ce-
likbas, Christensen, Liang and Piepmeyer [5, 6], Emmanouil and Manousaki [10],
and Liang [19]. There are tight connections between stable homology T˜or, absolute
homology Tor and so called unbounded homology Tor; see [5, 2.5]. That is, there
is an exact sequence of functors
· · · → T˜ori → Tori → Tori → T˜ori−1 → · · · .
If one compare the above exact sequence to the one given by Iacob in [15, Theorem
1 and Proposition 6], one may want to know the relationship between the unbounded
homology groups TorRi (M,N) and the relative homology groups Tor
GP
i (M,N) (resp.,
TorGFi (M,N)) given by Holm [14] for each R
◦-module M of finite Gorenstein pro-
jective (resp., Gorenstein flat) dimension and each R-module N . In fact, in many
ways it looks that the unbounded homology groups behave like the relative ho-
mology groups; see, e.g., Corollaries 4.4 and 4.5, and Theorem 4.6. Our result
Proposition 4.9 shows that if R is a left coherent ring with splfR◦ < ∞ and M is
an R◦-module of finite Gorenstein projective dimension, then for each R-module N
and each i ≥ 2 there is an isomorphism
TorRi (M,N)
∼= TorGPi (M,N),
and an exact sequence
0→ TorGP1 (M,N)→ Tor
R
1 (M,N)→ T˜or
R
0 (M,N).
If furthermore R is a noetherian ring and M is a finitely generated Gorenstein pro-
jectiveR◦-module, then our result shows that there is an isomorphism TorR0 (M,N)
∼=
HomR(HomR◦(M,R), N); see Corollary 4.13. As an application, we prove the next
result (see Corollary 4.16), which was first proved by Christensen and Jorgensen in
[8, Proposition 6.3] over a commutative noetherian local ring.
Theorem C. Let R be a noetherian ring, and let M be a finitely generated Goren-
stein projective R◦-module and N an R-module. Then there is an exact sequence
0→ T̂orR0 (M,N)→M ⊗R N → HomR(HomR◦(M,R), N)→ T̂or
R
−1(M,N)→ 0 .
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The paper is organized as follows: In Section 2 we set the notation and recall some
background material. Sections 3 focuses on Gorenstein flat/projective dimension
of complexes of modules. Sections 4 deals with unbounded homology of complexes
of modules. Finally, Section 5 is devoted to studying the balancedness of Tate
homology of complexes of modules.
2. Preliminaries
We begin with some notation and terminology for use throughout this paper.
2.1. Throughout this work, all rings are assumed to be associative algebras over a
commutative ring k. Let R be a ring. By an R-module we mean a left R-module,
and we refer to right R-modules as modules over the opposite ring R◦. By an
R-complex M we mean a complex of R-modules as follows:
· · · −→Mi+1
∂Mi+1
−−−→Mi
∂Mi−−−→Mi−1 −→ · · · .
We frequently (and without warning) identify R-modules with R-complexes concen-
trated in degree 0. For an R-complex M , we set supM = sup{i ∈ Z |Mi 6= 0} and
infM = inf{i ∈ Z | Mi 6= 0}. An R-complex M is bounded above if supM < ∞,
and it is bounded below if infM > −∞. An R-complex M is bounded if it is both
bounded above and bounded below. For n ∈ Z, the symbol ΣnM denotes the
complex with (ΣnM)i = Mi−n and ∂
Σn M
i = (−1)
n∂Mi−n for all i ∈ Z. We set
ΣM = Σ1 M .
For n ∈ Z, the symbol Cn(M ) denotes the cokernel of ∂
M
n+1, and Hn(M ) denotes
the nth homology of M , i.e., Ker∂Mn /Im ∂
M
n+1. An R-complex M with H(M) =
0 is called acyclic, and a morphism of R-complexes M → N that induces an
isomorphism H(M )→ H(N) is called a quasi-isomorphism. The symbol ≃ is used
to decorate quasi-isomorphisms, and it is also used for isomorphisms in derived
categories.
The symbol M≤n denotes the subcomplex of M with (M≤n)i = Mi for i ≤ n
and (M≤n)i = 0 for i > n, and the symbol M>n denotes the quotient complex
of M with (M>n)i = Mi for i > n and (M>n)i = 0 for i < n. The symbol
M⊂n denotes the quotient complex of M with (M⊂n)i = Mi for i ≤ n − 1,
(M⊂n)n = Cn(M) and (M⊂n)i = 0 for i > n.
2.2. For an R◦-complex M and an R-complex N , the tensor product M ⊗R N
is the k-complex with the degree-n term (M ⊗R N )n =
∐
i∈Z(Mi ⊗R Nn−i) and
the differential given by ∂(x⊗ y) = ∂Mi (x) ⊗ y + (−1)
ix⊗ ∂Nn−i(y) for x ∈Mi and
y ∈ Nn−i.
The next result is clear.
2.3 Lemma. Let M be an R◦-complex and N an R-complex. The following as-
sertions hold for each n ∈ Z.
(a) If supN ≤ s, then Hn(M ⊗R N) = Hn(M≥n−s−1 ⊗R N ).
(b) If infN ≥ t, then Hn(M ⊗R N) = Hn(M≤n−t+1 ⊗R N ).
2.4. A complex P of projective R-modules is called semi-projective if the functor
HomR(P ,−) preserves quasi-isomorphisms. A complex I of injective R-modules is
called semi-injective if the functor HomR(−, I) preserves quasi-isomorphisms. A
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complex F of flat R-modules is called semi-flat if the functor −⊗R F preserves
quasi-isomorphisms.
A semi-projective resolution of M is a quasi-isomorphism pi : P →M , where P
is a semi-projective complex. Every R-complexM has a semi-projective resolution.
Moreover, pi can be chosen surjective, and if inf H(M ) > −∞ then P can be
chosen such that inf P = inf H(M ); see Avramov and Foxby [2]. Dually, A semi-
injective resolution of M is a quasi-isomorphism ι : M → I, where I is a semi-
injective complex. Every R-complex M has a semi-injective resolution. Moreover,
ι can be chosen injective, and if supH(M ) < ∞ then I can be chosen such that
sup I = supH(M ). A semi-flat replacement of M is an isomorphism F ≃ M
in the derived category, where F is a semi-flat complex. Every complex has a
semi-projective resolution and hence a semi-flat replacement.
2.5. Let M be an R◦-complex with P
≃
−−→ M a semi-projective resolution, and
let N be an R-complex. For all i ∈ Z the modules
TorRi (M ,N) = Hi(P ⊗R N)
make up the absolute homology of M and N over R. It is clear that the definition
of TorRi (M ,N ) is functorial and homological in either argument.
2.6. An acyclic complex T of projective R◦-modules is called totally acyclic if
HomR◦(T , P ) is acyclic for every projective R
◦-module P . An R◦-module G is
called Gorenstein projective if there exists a totally acyclic complex T of projective
R◦-modules such that G ∼= Coker(T1 → T0). A complete projective resolution of an
R◦-complex M is a diagram T
τ
−→ P
≃
−−→M , where T is a totally acyclic complex
of projective R◦-modules, P
≃
−−→ M is a semi-projective resolution, and τi is an
isomorphism for i≫ 0. The Gorenstein projective dimension of M is defined by
GpdR◦ M = inf

g ∈ Z
∣∣∣∣∣∣
T
τ
−→ P
≃
−−→M
is a complete projective resolution with
τi : Ti → Pi isomorphism for each i ≥ g

 ;
see [22, Definition 3.1]. It is clear thatM has finite Gorenstein projective dimension
if and only if M has a complete projective resolution.
Let M be an R◦-complex that has a complete projective resolution T → P →
M . From [8, (2.4)], for an R-complex N and i ∈ Z, the ith Tate homology of M
and N over R is defined as
T̂orRi (M ,N ) = Hi(T ⊗R N).
3. Gorenstein dimensions of complexes
We start by recalling the following definitions.
3.1. An acyclic complex T of flat R◦-modules is called F-totally acyclic if T ⊗R E
is acyclic for every injective R-module E. An R◦-module L is called Gorenstein
flat if there exists a F-totally acyclic complex T of flat R◦-modules such that
L ∼= Coker(T1 → T0). A Tate flat resolution of an R
◦-complex M is a pair (T ,F )
where T is an F-totally acyclic complex of flat R◦-modules and F ≃M is a semi-
flat replacement with T>g ∼= F>g for some g ∈ Z; see Liang [18]. If furthermore,
there exists a morphism τ : T → F such that τi is an isomorphism for each i ≥ g,
then the Tate flat resolution (T ,F ) is said to be a complete flat resolution of M .
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The next definition can be found in [9].
3.2 Definition. Let M be an R◦-complex. The Gorenstein flat dimension of M
is given by
GfdR◦ M = inf{g ∈ Z | (T ,F ) is a Tate flat resolution of M with T>g ∼= F >g} .
3.3 Remark. From a very recent result by Sˇaroch and Sˇ ’tov´ıcˇek [21, Theorem 3.11],
all rings are GF-closed in the terminology of Bennis [4], and so Definition 3.2 agrees
with Iacob’s definition [16, Definition 3.2]; see [9, Remark 5.13]. Thus from [16,
Remark 3], it extends the definitions in Holm [13, 3.9] and Christensen, Frankild
and Holm [7, 1.9] of Gorenstein flat dimension for modules and complexes with
bounded below homology.
3.4 Remark. Let M be an R◦-complex. It is clear that GfdR◦ M < ∞ if and
only if M admits a Tate flat resolution, and GfdR◦ M = −∞ if and only if M is
acyclic.
The following is an analogue of [22, Theorem 3.8] for Gorenstein flat dimension.
3.5 Proposition. Let M be an R◦-complex of finite Gorenstein flat dimension.
Then one has
GfdR◦ M = sup

n ∈ Z
∣∣∣∣∣∣
TorRn+supH(N)(M ,N ) 6= 0
for some R-complex N with
idRN <∞ and supH(N ) <∞


= sup
{
n ∈ Z
∣∣∣∣ TorRn (M , E) 6= 0for some injective R-module E
}
Proof. Let GfdR◦ M = g < ∞. If g = −∞, then M is acyclic; see Remark
3.4. Thus TorRn (M ,−) = 0 for each n ∈ Z, and so one gets the equalities in the
statement. We let g ∈ Z, and let s (resp., s′) denote the number on the right side
of the first (resp., second) equality in the statement. Then there exists a Tate flat
resolution (T ,F ) such that T is an F-totally acyclic complex of flat R◦-modules,
F ≃ M is a semi-flat replacement and T≥g ∼= F≥g. For each R-complex N with
idRN < ∞ and supH(N ) < ∞, choose a semi-injective resolution N
≃
−−→ I such
that sup I = supH(N ) and inf I > −∞. Then for all i > g + supH(N ) one has
TorRi (M ,N)
∼= Hi(F ⊗R N)
∼= Hi(F ⊗R I)
= Hi(F≥i−supH(N)−1 ⊗R I)
∼= Hi(T≥i−supH(N)−1 ⊗R I)
= Hi(T ⊗R I)
= 0 ;
where the first and second equalities hold by Lemma 2.3, and the last equality
follows from [7, Lemma 2.13]. Thus one gets g ≥ s. Obviously, s ≥ s′, so it remains
to prove s′ ≥ g.
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Since GfdR◦ M < ∞, one has GidRHomZ(M ,Q/Z) < ∞; see [9, Proposition
5.8]. On the other hand, for each injective R-module E and all i > s′, one has
ExtnR(E,HomZ(M ,Q/Z))
∼= HomZ(Tor
R
i (M , E),Q/Z)
= 0 ,
so GidRHomZ(M ,Q/Z) ≤ s
′ by Asadollahi and Salarian [1, Theorem 2.4]. Thus
by [1, Theorem 2.3], for all i > s′ one has
HomZ(Hi(M),Q/Z) ∼= H−i(HomZ(M ,Q/Z)) = 0,
and hence Hi(M) = 0. That is, supH(M) ≤ s
′. Since Σ−s
′
F≥s′
≃
−−→ Cs′(F ) is a
flat resolution, for each injective R-module E and all i ≥ 1 we have
TorRi (Cs′(F ), E)
∼= Hi(Σ
−s′
F≥s′ ⊗R E)
∼= Hi+s′(F≥s′ ⊗R E)
= Hi+s′(F ⊗R E)
∼= TorRi+s′(M , E)
= 0 .
We notice that GfdR◦ Cs′(F ) < ∞ and all rings are GF-closed; see [21, Theorem
3.11]. Then Cs′(F ) is Gorenstein flat by [4, Theorem 2.8], and so one has s
′ ≥ g
by [9, Proposition 5.7]. 
3.6 Corollary. Let 0 → M ′ → M → M ′′ → 0 be an exact sequence of R◦-
complexes. Then there is an inequality
GfdR◦ M ≤ max{GfdR◦ M
′,GfdR◦ M
′′}.
Proof. We may assume that max{GfdR◦ M
′,GfdR◦ M
′′} <∞. Since all rings are
GF-closed by [21, Theorem 3.11], one has GfdR◦ M <∞ by [16, Proposition 3.4].
For each injective R-module E there is an exact sequence
· · · → TorRn (M
′, E)→ TorRn (M , E)→ Tor
R
n (M
′′, E)→ · · · .
Thus one gets GfdR◦ M ≤ max{GfdR◦ M
′,GfdR◦ M
′′} by Proposition 3.5. 
3.7 Theorem. Let R be a left coherent ring and g ∈ Z. For an R◦-complex M
the following conditions are equivalent.
(i) GfdR◦ M ≤ g.
(ii) M admits a complete flat resolution T
τ
// F such that τi is split surjective
for each i ∈ Z and τi = idFi for all i ≥ g.
Proof. The implication (ii)=⇒(i) is clear.
(i)=⇒(ii): Let GfdR◦ M ≤ g. By [9, Proposition 5.7] there exists a semi-
flat replacement F ≃ M such that Ci(F ) is Gorenstein flat for each i ≥ g, and
Hi(F ) = 0 for all i > g. Since R is left coherent, there is a flat preenvelope
f : Cg(F ) → Gg−1; see Xu [23, Theorem 2.5.1]. Note that Cg(F ) is Gorenstein
flat, then f is a monomorphism, and so there is an exact sequence
(1) 0 // Cg(F )
f
// Gg−1 // Cg−1 // 0
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of R◦-modules, which is HomR◦(−, F ) exact for each flat R
◦-module F . For each
injective R-module I, one has
HomZ(Tor
R
1 (Cg−1, I),Q/Z)
∼= Ext1R◦(Cg−1,HomZ(I,Q/Z)) = 0,
where the equality holds since HomZ(I,Q/Z) is a flat and cotorsion R
◦-module, and
f is a flat preenvelope. Hence TorR1 (Cg−1, I) = 0, and so Cg−1 is Gorenstein flat
by [13, Proposition 3.8]. Thus the sequence (1) is −⊗R I exact for each injective
R-module I.
Continue the above process, one gets an exact sequence
(2) 0→ Cg(F )→ Gg−1 → Gg−2 → · · ·
ofR◦-modules with eachGi flat, such that the sequence is−⊗R I and HomR◦(−, F )
exact for each injective R-module I and flat R◦-module F . So we have the following
commutative diagram:
0 // Cg(F ) // Gg−1 //

Gg−2 //

· · ·
0 // Cg(F ) // Fg−1 // Fg−2 // · · · .
Since Ci(F ) is Gorenstein flat for each i ≥ g, and Hi(F ) = 0 for all i > g, the
sequence
(3) · · · → Fg+1 → Fg → Cg(F )→ 0
is exact, and it is −⊗R I exact for each injective R-module I.
Assembling the sequences (2) and (3), one gets an F-totally acyclic complex T ′
of flat R◦-modules and a morphism α′ : T ′ → F such that α′i = idFi for each i ≥ g.
Set T ′′ = Σ−1Cone( idF<g ). Then T
′′ is a contractible complex and there is a
degree-wise split surjective morphism τ : T ′′ → F<g. Let α
′′ = ετ : T ′′ → F ,
where ε : F<g → F is the natural morphism. Then α
′′
i is split surjective for each
i < g and α′′i = 0 for each i ≥ g. Let T = T
′⊕T ′′ and τ = (α′, α′′) : T → F . Then
T is an F-totally acyclic complex of flat R◦-modules, and τi is split surjective for
each i < g and τi = idFi for each i ≥ g. 
In the following we investigate the relationship between Gorenstein projective di-
mension (resp., Gorenstein flat dimension) of complexes of modules and Gorenstein
projective dimension (resp., Gorenstein flat dimension) of modules.
3.8 Lemma. Let R be a left coherent ring, and let M be a bounded R◦-complex
such that GfdR◦ Mi < ∞ for each i ∈ Z. Then there exists an exact sequence
0→K → G→M → 0 of R◦-complex such that the following conditions hold:
(a) G is a bounded complex of Gorenstein flat R◦-modules with Gi flat for i >
supM , infG = infM and supG ≤ max{GfdRMi | i ∈ Z} + supM .
(b) K is a bounded acyclic R◦-complex with each Ci(K) cotorsion R
◦-module of
finite flat dimension.
Proof. Set g = max{GfdR◦ Mi | i ∈ Z}. One has g < ∞ since M is a bounded
R◦-complex. Without loss of generality, we may assume that infM = 0 and
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supM = s. We argue by induction on s. If s = 0, then one has M = M0 with
GfdR◦ M0 = g. Thus by [13, Theorem 3.23] there is an exact sequence
0 // K1 // G0
δ0
// M0 // 0
such that G0 is a Gorenstein flat and K1 is cotorsion with fdR◦ K1 = g − 1. For
K1, there is an exact sequence
0 // K2 // F1
δ1
// K1 // 0
such that F1 is flat andK2 is cotorsion with fdR◦ K2 = g−2. Continue this process,
one gets an exact sequence
0 // Fg // Fg−1
δg−1
// · · · // F1
δ1
// G0
δ0
//M0 // 0
such that G0 is Gorenstein flat, each Fi is flat and each Ker δi is cotorsion with
fdR◦ Ker δi <∞. Let
G = · · · → 0→ Fg → · · · → F1 → G0 → 0→ · · · .
Then G satisfies the condition (a) in the statement, and there is a surjective mor-
phism α : G → M . Let K = Kerα. It is clear that K satisfies the condition (b)
in the statement.
We let s > 0. Then there exists a morphism f : Σs−1Ms → M6s−1. By
induction hypothesis there exists exact sequences 0 → K ′ → G′ → Σs−1Ms → 0
and 0→K′′ → G′′ →M6s−1 → 0 such that the following conditions hold:
(a) K ′ and K ′′ are bounded acyclic R◦-complexes with each Ci(K
′) and Ci(K
′′)
cotorsion R◦-modules of finite flat dimension.
(b) G′ andG′′ are bounded complexes of Gorenstein flatR◦-modules with infG′ =
s− 1, infG′′ = 0, supG′ ≤ g + s− 1 and supG′′ ≤ g + s− 1.
(c) G′i and G
′′
i are flat for i > s− 1.
Since R is left coherent, one gets that Ext1Ch(R)(G
′,K′′) = 0 by Yang and Liu [24,
Lemma 3.12]. Thus there is a commutative diagram of R◦-complexes
0 // K ′
h

// G
′
g

// Σ
s−1Ms
f

// 0
0 // K′′ // G′′ //M6s−1 // 0.
This yields an exact sequence
0 // Coneh // Cone g // Cone f // 0
of R◦-complexes. We notice that Cone f = M . Let G = Cone g and K = Coneh.
Then G and K satisfy the conditions (a) and (b) in the statement, respectively. 
3.9 Theorem. Let R be a left coherent ring, and let M be a bounded R◦-complex.
Then there is an inequality
GfdR◦ M ≤ max{GfdR◦ Mi | i ∈ Z} + supM .
In particular, if GfdR◦ Mi <∞ for each i ∈ Z then GfdR◦ M <∞.
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Proof. One may assume that M 6= 0. Let supM = s ∈ Z. We assume that
max{GfdR◦ Mi | i ∈ Z} = g < ∞. By Lemma 3.8, there exists an exact sequence
0 // K // G
pi
//M // 0 such that K is a bounded acyclic R◦-complex with
each Ci(K) cotorsion R
◦-module of finite flat dimension, and G is a bounded
complex of Gorenstein flat R◦-modules with supG ≤ g + s. Fix a semi-projective
resolution pi′ : P
≃
−−→ M such that P is bounded below. Since P is a semi-flat
R◦-complex, one has Ext1Ch(R)(P ,K) = 0 by Gillespie [11, Proposition 3.6], and so
there is a morphism α : P → G such that piα = pi′. We notice that pi and pi′ are
quasi-isomorphisms. Then α is a quasi-isomorphism. Let X = Σ−1Coneα. Then
X is an bonded below acyclic complex of Gorenstein flat R◦-modules with Xi = Pi
for i ≥ g + s, and so Hi(P ) = Hi(X) = 0 for i > g + s, and Cg+s(P ) = Cg+s(X)
is Gorenstein flat by [13, Theorem 3.7]. Thus one has GfdRM ≤ g + s by [9,
Proposition 5.12]. 
3.10. For bounded complexes, the notion of Gorenstein flat dimension in this paper
is compatible with the one given in [7, 1.9]; see Remark 3.3. That is, if M is a
bounded R◦-complexes then one has
GfdR◦ M = inf
{
supG
∣∣∣∣ G ≃M is a bounded below complexof Gorenstein flat R◦-modules
}
.
Next we give an alternate proof of Theorem 3.9.
Alternate proof of Theorem 3.9. One may assume that M 6= 0. Let supM =
s ∈ Z. We assume that max{GfdR◦ Mi | i ∈ Z} = g < ∞. By Lemma 3.8,
there exists an exact sequence 0 // K // G
pi
//M // 0 such that K is an
acyclic R◦-complex and G is a bounded complex of Gorenstein flat R◦-modules
with supG ≤ g + s. Thus pi : G→M is a quasi-isomorphism, and so by 3.10 one
has GfdR◦ M ≤ supG ≤ g + s. 
Using similar methods as proved in Lemma 3.8 and Theorem 3.9, one gets the
following results.
3.11 Lemma. Let M be a bounded R◦-complex such that GpdR◦ Mi < ∞ for
each i ∈ Z. Then there exists an exact sequence 0 → K → G → M → 0 of
R◦-complex such that the following conditions hold:
(a) G is a bounded complex of Gorenstein projective R◦-modules with Gi pro-
jective for i > supM , supG ≤ max{GfdRMi | i ∈ Z}+ supM and infG =
infM .
(b) K is a bounded acyclic R◦-complex such that each Ci(K) has finite projective
dimension.
3.12 Theorem. Let M be a bounded R◦-complex. Then there is an inequality
GpdR◦ M ≤ max{GpdR◦ Mi | i ∈ Z} + supM .
In particular, if GpdR◦ Mi <∞ for each i ∈ Z then GpdR◦ M <∞.
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4. Unbounded homology of complexes
For an R◦-complex M and an R-complex N , the unbounded tensor product
M ⊗R N is the k-complex with the degree-n term
(M ⊗R N)n =
∏
i∈Z
(Mi ⊗R Nn−i)
and the differential defined as in 2.2. It contains the tensor product M ⊗R N as
a subcomplex. The quotient complex (M ⊗R N)/(M ⊗R N) is called the stable
tensor product, and it is denoted M ⊗˜R N .
The following definitions can be found in [5, 12].
4.1 Definition. Let M be an R◦-complex and N an R-complex. Let P
≃
−−→ M
be a semi-projective resolution and let N
≃
−−→ I be a semi-injective resolution. For
each i ∈ Z, the ith unbounded homology of M and N over R is
TorRi (M ,N) = Hi(P ⊗R I),
and the ith stable homology of M and N over R is
T˜orRi (M ,N) = Hi+1(P ⊗˜R I).
Using a similar method as proved in [5, Proposition 2.6], one gets the next result.
4.2 Proposition. Let M be an R◦-complex with F ≃ M a semi-flat replace-
ment, and let N be a homologically bounded above R-complex with N
≃
−−→ I a
semi-injective resolution such that sup I < ∞. Then for each i ∈ Z, there are
isomorphisms
TorRi (M ,N)
∼= Hi(F ⊗R I) and T˜or
R
i (M ,N)
∼= Hi+1(F ⊗˜R I) .
Let R be a left coherent ring, and let M be an R◦-complex of finite Gorenstein
flat dimension. We notice, from Theorem 3.7, that M admits a complete flat
resolution τ : T → F such that τi is split surjective. Set K = Ker τ . Then we have
the following result.
4.3 Proposition. Let R be a left coherent ring, and let M be an R◦-complex of
finite Gorenstein flat dimension and N a homologically bounded above R-complex
with N
≃
−−→ I a semi-injective resolution such that sup I < ∞. Then for each
i ∈ Z, there are isomorphisms
TorRi (M ,N)
∼= Hi−1(K ⊗R I) and T˜or
R
i (M ,N )
∼= Hi(T ⊗R I) .
If furthermore N is a bounded above complex, then there are isomorphisms
TorRi (M ,N)
∼= Hi−1(K ⊗R N) and T˜or
R
i (M ,N )
∼= Hi(T ⊗R N) .
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Proof. Consider the degree-wise split exact sequence 0 → K → T → F → 0. By
[5, 1.5(c)] one has the following commutative diagram with exact rows and columns:
0

0

0

0 // K ⊗R I

// T ⊗R I

// F ⊗R I

// 0
0 // K ⊗R I

// T ⊗R I

// F ⊗R I

// 0
0 // K ⊗˜R I

// T ⊗˜R I

// F ⊗˜R I

// 0 .
0 0 0
Since sup I < ∞, T ⊗R I is acyclic by [5, Proposition 1.7(a)]. We notice that
K = Ker τ is bounded above. Thus K ⊗˜R I = 0, and so for each i ∈ Z, one has
TorRi (M ,N)
∼= Hi(F ⊗R I) ∼= Hi−1(K ⊗R I) = Hi−1(K ⊗R I),
and
T˜orRi (M ,N)
∼= Hi+1(F ⊗˜R I) = Hi+1(T ⊗˜R I) ∼= Hi(T ⊗R I).
If furthermoreN is a bounded above complex, then there are quasi-isomorphisms
K ⊗R N
≃
−−→ K ⊗R I and T ⊗R N
≃
−−→ T ⊗R I by [7, Proposition 2.14] since
both K and T are complexes of flat R◦-modules. Thus for each i ∈ Z, one gets
TorRi (M ,N)
∼= Hi−1(K ⊗R N) and T˜or
R
i (M ,N)
∼= Hi(T ⊗R N). 
4.4 Corollary. Let R be a left coherent ring, and let M be an R◦-complex of
finite Gorenstein flat dimension and N a homologically bounded above R-complex.
Then TorRi (M ,N ) = 0 for each i > GfdR◦ M + supH(N).
Proof. Let GfdR◦ M = g < ∞. By Proposition 3.7 M admits a complete flat
resolution τ : T → F such that τi is split surjective for each i ∈ Z and τi is
an isomorphism for each i ≥ g. Set K = Ker τ . Then one gets supK = g −
1. Fix a semi-injective resolution N
≃
−−→ I such that sup I = supH(N ). Then
sup(K ⊗R I) ≤ supK + sup I = g − 1 + supH(N ). Thus by Proposition 4.3,
TorRi (M ,N)
∼= Hi−1(K ⊗R I) = 0 for each i > g + supH(N ). 
4.5 Corollary. Let R be a left coherent ring, and let M be an R◦-complex of finite
Gorenstein flat dimension. Then one has
GfdR◦ M = sup

n ∈ Z
∣∣∣∣∣∣
TorRn+supH(N)(M ,N ) 6= 0
for some R-complex N with
supH(N) <∞


= sup
{
n ∈ Z
∣∣∣∣ TorRn (M , N) 6= 0for some R-module N
}
.
Proof. Let GfdR◦ M = g <∞. If g = −∞, then M is acyclic; see Remark 3.4. If
fix a semi-projective resolution P
≃
−−→M , then P is contractible, and so P ⊗R I is
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acyclic for each R-complex I by [5, 1.5]. Thus TorRn (M ,−) = 0 for each n ∈ Z, and
so the equalities in the statement hold. We let g ∈ Z, and let s (resp., s′) denote
the number on the right side of the first (resp., second) equality in the statement.
Corollary 4.4 yields g ≥ s. Obviously, s ≥ s′, so it remains to prove s′ ≥ g. By
Proposition 3.5, there is an injective R-module E such that TorRg (M , E) 6= 0. Since
T˜orRi (M , E) = 0 for each i ∈ Z, one has Tor
R
g (M , E)
∼= TorRg (M , E) 6= 0; see [5,
(2.5)]. This yields s′ ≥ g. 
The following is a balance result for unbounded homology of complexes.
4.6 Theorem. Let R be a coherent ring (that is, both left and right coherent),
and let M be an R◦-complex and N an R-complex, both of which are of finite
Gorenstein flat dimension. Then for each i ∈ Z there is an isomorphism
TorRi (M ,N)
∼= TorR
◦
i (N ,M ).
Proof. Let GfdR◦ M = s and GfdRN = t. Then by [9, Proposition 5.7] one has
supH(M) ≤ s < ∞ and supH(N) ≤ t < ∞. It follows from Proposition 3.7 that
M admits a complete flat resolution τ : T → F such that τi is split surjective for
each i ∈ Z and τi is an isomorphism for each i ≥ s, and N admits a complete
flat resolution τ ′ : T ′ → F ′ such that τ ′i is split surjective for each i ∈ Z and τ
′
i
is an isomorphism for each i ≥ t. Fix semi-injective resolutions M
≃
−−→ I and
N
≃
−−→ I ′ such that sup I = supH(M) and sup I ′ = supH(N ). Set K = Ker τ
and K′ = Ker τ ′. Then for each i ∈ Z, one has
TorRi (M ,N)
∼= Hi−1(K ⊗R I
′)
= Hi−1(K>i−2−t ⊗R I
′)
∼= Hi−1(K>i−2−t ⊗R F
′)
∼= Hi−2(K>i−2−t ⊗R K
′)
= Hi−2(K ⊗R K
′)
∼= Hi−2(K
′ ⊗R◦ K)
= Hi−2(K
′
>i−2−s ⊗R◦ K)
∼= Hi−1(K
′
>i−2−s ⊗R◦ F )
∼= Hi−1(K
′
>i−2−s ⊗R◦ I)
= Hi−1(K
′ ⊗R◦ I)
∼= TorR
◦
i (N ,M) ,
where the first and the last isomorphisms follow from Proposition 4.3, the four
equations hold by Lemma 2.3 since sup I ′ ≤ t, supK′ = t− 1, supK = s− 1 and
sup I ≤ s, the remaining isomorphisms hold since both K>i−2−t and K
′
>i−2−s are
semi-flat complexes. 
4.7. LetM be an R◦-module of finite Gorenstein projective dimension. Then there
exists a proper Gorenstein projective resolution of M , that is, a quasi-isomorphism
pi : G
≃
−−→ M with Gi Gorenstein projective for each i ≥ 0 and Gi = 0 for each
i < 0, such that HomR◦(L,Conepi) is acyclic for each Gorenstein projective R
◦-
module L; see [13, Theorem 2.10]. Following [14, Section 4], for each R-module N
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and each i ≥ 0, the ith relative homology of M and N over R is defined as
TorGPi (M,N) = Hi(G⊗R N).
If R is a left coherent ring and M is an R◦-module of finite Gorenstein flat dimen-
sion, then by [13, Theorem 3.23], M admits a proper Gorenstein flat resolution
G
′ ≃−−→M . Following [14, Section 4], for each R-module N and each i ≥ 0, the ith
relative homology based on flats of M and N over R is defined as
TorGFi (M,N) = Hi(G
′ ⊗R N).
4.8. We recall the invariant splf R = sup{pdR F | F is a flat R-module}. Since
an arbitrary direct sum of flat R-modules is flat, the invariant splf R is finite if and
only if every flat R-module has finite projective dimension. If R is commutative
noetherian of finite Krull dimension d, then one has splf R 6 d by Jensen [17,
Proposition 6]. Osofsky [20, 3.1] gives examples of rings for which the splf invariant
is infinite.
Next we investigate the relationship between unbounded homology groups and
relative homology groups.
4.9 Proposition. Let R be a left coherent ring with splfR◦ < ∞, and let M be
an R◦-module of finite Gorenstein projective dimension and N an R-module. Then
there is an isomorphism
TorRi (M,N)
∼= TorGPi (M,N)
for each i ≥ 2, and an exact sequence
0→ TorGP1 (M,N)→ Tor
R
1 (M,N)→ T˜or
R
0 (M,N).
Proof. By Avramov and Martsinkovsky [3, Theorem 3.1], M admits a complete
projective resolution τ : T → P such that τi is split surjective for each i ∈ Z. This
yields a degree-wise split exact sequence
0→ Σ−1 G→ T˜ → P → 0
such that G
≃
−−→M is a proper Gorenstein projective resolution and (Σ−1 G)>0 =
(Ker τ)>0, and T˜ is acyclic with T˜>0 = T>0 and T˜ i = 0 for each i ≤ −2; see [3,
(3.8)]. Since all Gorenstein projective R◦-modules are Gorenstein flat by the proof
of [13, Proposition 3.4], τ : T → P is a complete flat resolution of M , and so by
Proposition 4.3, for each i ≥ 2, one has
TorRi (M,N)
∼= Hi−1(Ker τ ⊗R N)
= Hi−1(Σ
−1
G ⊗R N)
∼= Hi(G ⊗R N)
∼= TorGPi (M,N) .
Consider the exact sequence
0→ Σ−1 G⊗R N → T˜ ⊗R N → P ⊗R N → 0.
Then one gets the exact sequence
H1(T˜ ⊗R N)→ H1(P ⊗R N)→ H0(Σ
−1
G⊗R N)→ H0(T˜ ⊗R N).
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It is clear that H0(T˜ ⊗R N) = 0 and H1(T˜ ⊗R N) = H1(T ⊗R N), and
H0(Σ
−1
G⊗R N) ∼= Tor
GP
1 (M,N).
Thus one has
(1) TorGP1 (M,N)
∼= CokerH1(τ ⊗R N).
On the other hand, consider the exact sequence
0 // (Ker τ )⊗R N // T ⊗R N
τ⊗RN
// P ⊗R N // 0.
Then one gets the exact sequence
(2) H1(T ⊗R N)
H1(τ⊗RN)
// H1(P ⊗R N) // H0((Ker τ )⊗R N) // H0(T ⊗R N).
Since H0((Ker τ )⊗R N) ∼= Tor
R
1 (M,N) and H0(T ⊗R N)
∼= T˜orR0 (M,N) by Propo-
sition 4.3 and [5, Theorem 3.10], (1) and (2) yield the exact sequence
0→ TorGP1 (M,N)→ Tor
R
1 (M,N)→ T˜or
R
0 (M,N) . 
4.10 Proposition. Let R be a left coherent ring, and let M be a cotorsion R◦-
module of finite Gorenstein flat dimension and N an R-module. Then there is an
isomorphism
TorRi (M,N)
∼= TorGFi (M,N)
for each i ≥ 2, and an exact sequence
0→ TorGF1 (M,N)→ Tor
R
1 (M,N)→ T˜or
R
0 (M,N).
Proof. By [18, Lemma 4.2], M admits a complete flat resolution τ : T → F such
that for each i ∈ Z, Ti and Fi are cotorsion, and τi is split surjective. This yields a
degree-wise split exact sequence
0→ Σ−1 G→ T˜ → F → 0
such that G
≃
−−→ M is a proper Gorenstein flat resolution and (Σ−1 G)>0 =
(Ker τ)>0, and T˜ is acyclic with T˜>0 = T>0 and T˜ i = 0 for each i ≤ −2; see
[18, Lemma 4.3]. Now using a similar method as proved in Proposition 4.9, one can
complete the proof. 
In the following we give some developments relate to Auslander’s use of the
transpose.
4.11 Lemma. Let T be an F-totally acyclic complex of flat R◦-modules and N a
bounded above complex of R-modules. Then for all integers i and n, there is an
isomorphism
TorRi (Cn(T ),N )
∼= Hi+n−1(T6n−1 ⊗R N ).
In particular, if N is an R-module, then TorRi (Cn(T ), N) = 0 for each i ≥ 1.
Proof. Consider the degree-wise split exact sequence
0→ T6n−1 → T → T>n → 0 .
Let N
≃
−−→ I be a semi-injective resolution such that sup I < ∞. The complex
T ⊗R I is acyclic by [5, Proposition 1.7], whence there is an isomorphism
(1) H(T>n ⊗R I) ∼= ΣH(T 6n−1 ⊗R I) .
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Since the canonical map Σ−n T>n → Cn(T ) is a flat resolution, one has
TorRi (Cn(T ),N )
∼= Hi((Σ
−n
T>n)⊗R I)
∼= Hi+n(T>n ⊗R I)
∼= Hi+n−1(T6n−1 ⊗R I)
= Hi+n−1(T6n−1 ⊗R I)
∼= Hi+n−1(T6n−1 ⊗R N ),
where the first isomorphism holds by Proposition 4.2, the third one follows from
the isomorphism (1), and the last one holds by [7, Proposition 2.14]. 
4.12 Corollary. LetM be a Gorenstein flat R◦-module with T an F-totally acyclic
complex of flat R◦-modules such that C0(T ) ∼=M , and let N be a bounded above
complex of R-modules. Then for each i ∈ Z, there is an isomorphism
TorRi (M,N )
∼= Hi−1(T6−1 ⊗R N ).
In particular, if N is an R-module, then TorRi (M,N) = 0 for each i ≥ 1.
4.13 Corollary. Let R be a noetherian ring, and let M be a finitely generated
Gorenstein projective R◦-module and N a bounded above complex of R-modules.
Then for each i ∈ Z, there is an isomorphism
TorRi (M,N )
∼= Ext−iR (HomR◦(M,R),N ).
In particular, if N is an R-module, then TorR0 (M,N)
∼= HomR(HomR◦(M,R), N)
and TorRi (M,N) = 0 for each i ≥ 1.
Proof. There exists an acyclic complex T of finitely generated free R◦-modules,
such that HomR◦(T , R) is acyclic and C0(T ) ∼= M . For each injective R-module
E, one has
T ⊗R E ∼= HomR(HomR◦(T , R), R)⊗R E ∼= HomR(HomR◦(T , R), E)
is acyclic, and so T is an F-totally acyclic complex. Thus for every i ∈ Z one has
TorRi (M,N)
∼= Hi−1(T6−1 ⊗R N )
∼= Hi−1(HomR(HomR◦(T6−1, R), R)⊗R N )
∼= Hi−1(HomR(HomR◦(T6−1, R),N))
∼= Hi(HomR(Σ
−1HomR◦(T6−1, R),N))
∼= Ext−iR (HomR◦(M,R),N) ,
where the first isomorphism holds by Corollary 4.12 and the last one follows as
Σ
−1HomR◦(T 6−1, R)→ HomR◦(M,R)
is a projective resolution. 
4.14 Theorem. Let M be an R◦-complex of finite Gorenstein flat dimension with
(T ,F ) a Tate flat resolution of M , and let N be a bounded above R-complex. For
every n ∈ Z there is an exact sequence
· · · // T˜orRn+1(M ,N) // Tor
R
1 (Cn(T ),N) // Tor
R
1 (Cn(T ),N) // T˜or
R
n (M ,N ) // · · · .
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Proof. Consider the degree-wise split exact sequence
(1) 0→ T6n−1 → T → T>n → 0 .
Then for each i ∈ Z, one has
(2) Hi(T6n−1 ⊗R N ) ∼= Tor
R
i−n+1(Cn(T ),N )
by Lemma 4.11. It is clear that
(3) Hi(T >n ⊗R N) ∼= Tor
R
i−n(Cn(T ),N) .
From (1) one gets the exact sequence
0→ T 6n−1 ⊗R N → T ⊗R N → T>n ⊗R N → 0 ,
and in view of [5, Theorem 3.10] and the isomorphisms (1) and (3) the associated
sequence in homology is
· · · // T˜orRn+1(M,N )
// TorR1 (Cn(T ),N )
// TorR1 (Cn(T ),N )
// T˜orRn (M,N )
// · · ·
as desired. 
4.15 Corollary. Let M be an R◦-complex of finite Gorenstein flat dimension with
(T ,F ) a Tate flat resolution of M , and let N be an R-module. For every n ∈ Z
there is an exact sequence
0→ T˜orRn (M,N)→ Cn(T )⊗R N → Tor
R
0 (Cn(T ), N)→ T˜or
R
n−1(M,N)→ 0 .
In particular, if M is a Gorenstein flat R◦-module, then there is an exact sequence
0→ T˜orR0 (M,N)→M ⊗R N → Tor
R
0 (M,N)→ T˜or
R
−1(M,N)→ 0 .
Proof. We notice that TorR1 (Cn(T ), N) = 0 by Lemma 4.11. The desired sequence
now follows from Theorem 4.14. 
If R is a noetherian ring and M is a finitely generated Gorenstein projective R◦-
module, then the stable homology T˜orR∗ (M,−) coincides with the Tate homology
T̂orR∗ (M,−) by [5, Theorem 6.4]. Thus the following result follows from Corollaries
4.13 and 4.15, which was proved by Christensen and Jorgensen over a commutative
noetherian local ring; see [8, Proposition 6.3].
4.16 Corollary. Let R be a noetherian ring, and let M be a finitely generated
Gorenstein projective R◦-module and N an R-module. Then there is an exact
sequence
0→ T̂orR0 (M,N)→M ⊗R N → HomR(HomR◦(M,R), N)→ T̂or
R
−1(M,N)→ 0 .
5. Balancedness of Tate homology of complexes
In this section, we give two balance results for Tate homology of complexes of
modules. We start with the following lemmas.
5.1 Lemma. Let T be an acyclic complexes of flat R◦-modules, and let N be a
bounded above R-complex with F ′ ≃ N a semi-flat replacement. Then for each
n ≥ supN there is an isomorphism T ⊗R N ≃ Σ
n(T ⊗R Cn(F
′)) in D(k).
HOMOLOGY THEORIES FOR COMPLEXES OF FINITE GORENSTEIN DIMENSIONS 17
Proof. Since n ≥ supH(F ), there is a quasi-isomorphism F ′
⊂n
≃
// N . This yields
a quasi-isomorphism
(1) T ⊗R F
′
⊂n
≃
// T ⊗R N
by [7, Proposition 2.14]. Consider the exact sequence
0→ T ⊗R F
′
6n−1 → T ⊗R F
′
⊂n → Σ
n(T ⊗R Cn(F
′))→ 0.
We notice that T ⊗R F
′
6n−1 is acyclic since F
′
6n−1 is a semi-flat complex; one gets
it by the exact sequence 0 → F ′
6n−1 → F
′ → F ′
>n → 0. Thus we have a quasi-
isomorphism T ⊗R F
′
⊂n
≃
// Σ
n(T ⊗R Cn(F
′)) . Now from the equation (1), one
has T ⊗R N ≃ Σ
n(T ⊗R Cn(F
′)) in D(k). 
The next result can be proved dually.
5.2 Lemma. Let T ′ be an acyclic complexes of flat R-modules, and let M be a
bounded above R◦-complex with F ≃ M a semi-flat replacement. Then for each
m ≥ supM there is an isomorphism M ⊗R T
′ ≃ Σm(Cm(F )⊗R T
′) in D(k).
5.3 Lemma. Let M be a bounded above R◦-complex with F ≃ M a semi-flat
replacement and T an acyclic complexes of flat R◦-modules such that for some
g ∈ Z there is an isomorphism T>g ∼= F >g. Let N be a bounded above R-complex
with F ′ ≃N a semi-flat replacement and T ′ an acyclic complexes of flat R-modules
such that for some g′ ∈ Z there is an isomorphism T ′
>g′
∼= F ′>g′ . Then there is an
isomorphism T ⊗R N ≃M ⊗R T
′ in D(k).
Proof. Set m = max{supM , g} and n = max{supN , g′}. One gets
T ⊗R N ≃ Σ
n(T ⊗R Cn(F
′))
∼= Σn(T ⊗R Cn(T
′))
≃ Σm(Cm(T )⊗R T
′)
∼= Σm(Cm(F )⊗R T
′)
≃M ⊗R T
′,
where the first and the last isomorphisms hold by Lemmas 5.1 and 5.2, respectively,
and the middle one follows from [5, Lemma 4.1]. 
The following balance results for Tate homology are immediately by Lemma 5.3,
where the second one was first proved by Christensen and Jorgensen in [8, Theorem
3.7] using so called pinched complexes.
5.4 Theorem. Let M be a bounded above R◦-complex of finite Gorenstein pro-
jective dimension and let N be a bounded above R-complex.
(a) If N has finite Gorenstein flat dimension with (T ,F ) a Tate flat resolution,
then for each i ∈ Z there is an isomorphism
T̂orRi (M ,N )
∼= Hi(M ⊗R T ).
(b) If N has finite Gorenstein projective dimension with S → P →N a complete
projective resolution, then for each i ∈ Z there is an isomorphism
T̂orRi (M ,N )
∼= Hi(M ⊗R S).
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